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Abstract 

This article is a continuation and development of the 1st chapter of 
the article [6]. The set of segments, each of the next is n times bigger 
than the first one is a simple geometric interpretation of the set N of 
natural numbers. In this paper we investigate the opposite situation. 
We give algebraic structure to the set of similar triangles with parallel 
sides. We present geometric construction of adding of triangles and 
use it to dissection of triangles into 15 triangles of different sides. 

Introduction 

We can see at the set of integer numbers Z as the one-dimensional module 
over the set Z. Geometric interpretation of any number n G Z is vector n 
times bigger than the vector represented by number 1 or —1. Let us take 
the fixed triangle and the set of similar triangles with the sides parallel and 
n times bigger than the fixed one's sides. We try to give geometric structure 
to this set. In the second section we give a geometric construction of adding 
of triangles. In the third section we use this construction to write dissection 
of the triangle for 15 triangles of different sides. 



1 Basic concepts 

Let us set the triangle on the plan R 2 and let us denote it by the symbol (1). 
Then the similar triangle with sides parallel to the sides of (1) and n times 
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bigger sides (we denote this triangle by the symbol (n)) is built from 



n(n+l) 



triangles (1) and 



n(n—l) 



symmetrical to triangle (1) in relation to any side, 



triangle denoted by symbol (—1) (see Fig. CO). So 




Fig. 1. 



(i) 



Let us mark by the symbol (—n) the triangle similar to the triangle (— 1) 
with parallel and n times bigger sides. Then 

<-n> = ^<l ) + ^<-l> 

_ (-n)(-n+l) (-n)(-n-l) 

2 W 2 K ' 

Each point of the plane M. 2 we will denote by (0). Later each triangle (±n), 
where neNwe will denote by the symbol (n), where n G Z. 
The symbol — (n) denotes the triangle, which lying on the triangle (n) gives 
the empty set. 

The set N2 = {±(n); n G Z} is the subset of the ring 

P 2 (Z) = {(x, y) = + x, y G Z} 
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with addition 



Wx 1 ,x 2 ,y 1 ,y 2 e Z (zi,yi) + (x 2 ,y 2 ) = (^1 + x 2 ,yi + y 2 ) 

and commutative multiplication 

(xi,yi) • (x 2 ,y 2 ) = (^1^2 + yiV2,xiy2 + x 2 yi) 

and the neutral element (0, 0) = (0) of addition and neutral element (1, 0) 
(1) of multiplication. 
It is easy to see that 

<-l> 2 = (l> 
<1> • <-l> = <-l> • <1> = <-l> 



and Vn, m G Z 



Let us transform 



(n) ■ (m) = (nm) 



\ / 2 2 2 2 

It is easy to show that elements ^ + ^~^ = A 2 and = A\ are orthog- 

onal. Let us denote A 2 = ( ) , A\ = (°) . Then 

(n) = n 2 A 2 + nA 1 (2) 

we can call the orthogonal form of the triangle (n) . Using the linear combi- 
nation of the elements of the set N 2 we can write different geometric figures 

(Fig. ® ED. 

From the description of Fig. [21 [3] we can see that the coefficient of A 2 means 
the number of all triangles (±1) in the given figure. The second coefficient of 
A\ equals to the difference in the lengths of the parallel sides (the unit side 
length equals to the length of the parallel side of the triangle (1)). So if the 
triangle (1) is equilateral or not, the length of each side is equal to 1. 

Let us put the addition closed in N 2 : 

Vn, k, I £ Z 

( n + k + I) = {n + k) + {n + I) + {k + I) - (n) - (k) - (I) (3) 
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n > k > n,k,l,teN 

Fig. 3. 
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The operation is well-defined. This results from orthogonal form of (n) and 
the truth of the below condition: 
Vn,k,leZ Vi = l,2 

{n + k + If = (n + ky + {n + l) 1 + (k + 1)* - (ra)' - (fc)' - (/)*. 

The operation ([3]) has the simple geometric interpretation for n,k,l > 

(Fig. UK . 




AADG = {n + k + l) A 

ABDF = (n + k) AACH = {n + 1} AEGI = (k + l) 

ABC J = (n) AEFJ = (k) AHIJ = (I) 

Fig. 4. 



Let us consider the equation fl3]) for the concrete numbers 

(4) = (1 + 1 + 2) = 2(3) + (2) -(2) -2(1) (4) 
After reduction we get 

(4) = (1 + 1 + 2) = 2(3) -2(1) (5) 

From the arithmetic point of view the equation (jSJ) is true. But it easy to 
see that we can not build the triangle (4) using only two triangles (3) and 
two triangles —(1). We need the triangles (2) and —(2) too. They are not 
reducible to the empty set because they do not lie on one another. (Fig. |5]). 
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Fig. 5. 



Definition 1. The equation (n) = Ylj a j( n j) > where aj G { — 1, 1} is true in 
the geometric sense if we can build the triangle (n) from the elements ocj(nj). 

Definition 2. The equation (n) = Y2j a j( n j) > where otj G { — 1,1} is true 
in the arithmetic sense if the equations n l = Yl,j a j n )> where <x,- G {—1, 1}, 
i = 1, 2 hold. 

Corollary 1. If the equation is true in the geometric sense, it is also true 
in the arithmetic sense. 

So we can say that the equation @ is true in the geometric sense, while the 
equation (JSJ) only in the arithmetic sense. 



2 Generalization of the equation (Sj) 

We can generalize the equation ([3]). Namely 
Vn, k, l,t G Z 

(n + k + I + t) = (n + k + t) + (n + l + t) + (k + l + t) 

-(n + t)-(k + t)-(l + t) + (t) (6) 

The equation (JBJ) is true in arithmetic sense because the below equation holds 
for % = 2, 1. 

(n + k + i + ty = (n + k + ty + (n + i + ty + (k + i + ty 

-(n + ty -(k + ty -(i + ty + t\ 

The Fig.[6]shows that for n, k, I, t > the equation ([6]) is true in the geometric 
sense as well. 



6 



Fig. 6. Interpretation of the equation (jBJ). 



In order to prove that the equation ([6]) holds for any n, k, I, t in the geometric 
sense we will create a certain geometric construction of this operation. Let 
us fix the ordered successive components n, k, I of the sum (n + k + I + t) 
extend or shorten the triangle (t) in the directions I, II, III, or I ', II ', III', 
depending on whether the numbers n,k,l are positive or negative (Fig. 7). 
Therefore the equation ([6]) should be properly written as 




Fig. 7. 
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Vn, k, Z, t & Z 

((ra + fc + Z + t)) = (n + A; + + t) + (n + + I + t) + (0 + k + l + t) 

-(n + + + t) - (0 + k + + t) - (0 + + Z + t) 
+ (0 + + + t) (7) 

Below are further examples of the creation of new triangles from the triangle 
(t) (Fig. rSHTTT) . Triangle (t) has vertices ABC, and the new one has vertices 
A'B'C. 




(n + + + 1) ' (0 + k + + t) 

n < -t < < k + t <t 



Fig. 9. 

Since the first component will be generally denoted by the letter n, k second, 
third I, so if it will not lead to confusion, we will write (n + t), (k + t), (1 + 1) 
instead of respectively (n + + + t), (O + k + + t), (0 + + l + t). 
Similarly we will write (n+k+t), (n+k+t), (k + l+t) instead of (n+k+0+t) , 
(n + k + + t), (0 + k + l + t). 
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B 




(n + k + O + t) " (n + k + O + t) 

n>0,0<k + t<0 0<-t<n,k<0 



Fig. 10. 



B, 




n>0 1 0<k + t<0,l<-t<0 
Fig. 11. 
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Triangles on Fig. (TTJ have the following descriptions. 

AAB n C n = {n + t), ABC k A k = (k + t), ACA& = (l + t), 

AA k B n C =(n + k + t), AA'BiC k = (k + l + t), AAiB'C n = {n + l + t). 

It's easy to follow, that they satisfy with the triangles ABC and A'B'C 
equation (jBJ) in geometric sense. It should also be noted that the expression 
(n + k + I + t) is the whole figure of Fig. dH constructed of eight triangles, 
while ((n+k+l+t)) = (0+0+0+(n+k+l+t)) means only the triangle A'B'C 

Theorem 1. Vra, k, l,t G Z the equation HO is true in the geometric sense. 

Proof. Let us note the equations (181- ffTUl) have the same geometric interpre- 
tation as the equation (j7j). 

((n + k + t)) = (n + k+(-l) + {l + t)) 

= (n + k + Q + (l + t)) + (n + Q + (-l) + (l + t)) 

+(0 + k+(-l) + (l + t)) 

-{n + + + (/ + t)) - (0 + k + + (Z + t)) 

-(0 + + {-l) + (l + t)) + ((l + t)) 
= (n + k + l + t) + {n + t} + (k + t) 

-(n + l + t) - (k + l + t) - (t) + (l + t) (8) 

((n + t)) = (n+(-k) + (-l) + (k + l + t)) 

= (n + (-k) + + (k + I + t)) + (n + + (-Z) + (k + l + t)) 
+ (0 + (-k) + (-l) + (k + l + t)) 

-(n + + + (k + I + t)) - (0 + (-A;) + + (k + I + t)) 
-(0 + + (-Z) + (l + k + t)) + (0 + + + (k + l + t)) 
= (n + l + t) + (n + k + t) + (t) 

-(n + k + l + t) -(l + t)- (k + t) + (k + l + t) (9) 
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(t) = ((-n) + (-k) + (-l) + (n + k + l + t)) 
= (0+(-k) + (-l) + (n + k + l + t)) 

+((-n) + + (-0 + (n + k + l + t)) 
+((-n) + (-fc) + + (n + fc + / + t)) 
-(0 + 0+ H) + (n + Zc + Z + t)) 
-(0 + (-fc) + + (n+ k + l + t)) 

-((-n) + + + (n + A; + Z + Z)) + (0 + + + (n + A; + / + t)) 
= (ra + t) + (Zv + t) + (Z + t) 

-<n + fc + t) - (n + / + t) - (k + I + t) + (n + k + Z + t) (10) 

So if in the equation (j7|) one element Z is negative we can replace the equation 
((7j) by equation (|Sj). If in the equation (J7J) two elements /c, Z are negative we 
can replace the equation <£T§ by equation dHJ). If the equation ((Tj) has three 
elements n,k,l negative we take the equation (fit)]) . So it is sufficient to 
consider the cases n > 0, k > 0, Z > and any £. We have 10 following cases. 

(1) t>o, (Fig. ED 

In next cases t < 0. 

(2) n + t > 0, k + t > 0, Z + t > 0, (Fig. [12}. 

(3) n + t > 0, fc + t > 0, Z + t < 0, (Fig. [13]). 

(4) n + t>0,k + t<0,l + t<0,k + l + t>0, (Fig. Ej). 

(5) n + t > 0, k + Z + t < 0, (Fig. HSj). 

(6) ra + t<0,A; + Z<0,Z + Z<0,n + Zc + t>0,Zc + Z + t>0,n + Z + Z>0, 
(Fig. 16]). 

(7) n + t <0,n + k + t>0, k + l + t <0,n + / + Z>0, (Fig. Q7]). 

(8) n + k + t > 0, k + I + t < 0, n + I + t < 0, (Fig. EE}. 

(9) n + /c + t<0,/c + / + Z<0,n + Z + t<0,n + A; + Z + t>0, (Fig. HSJ. 
(10) n + fe + Z + t < 0, (Fig. EOJ. 
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The proof is based on reviewing each figure and founding that by using the 
components of the equation (j7j), we always get the triangle ((n + k + I + 1)) 
from the triangle (t). On Fig. [T21I201 the triangle ((n + k + I + t)) is denoted 
by (s). 




Fig. 16. Fig. 17. 
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Fig. 18. 



Fig. 19. 




Fig. 20. 



□ 

The equations (l8i)-( |T0|) are equivalent to the subtraction of the additive group 
G. That means, if a, b, c are elements of the group G and satisfy the equation 
a = b + c then there exists an element (— c) G G fulfilling b = a + (— c). 
It is easy to see that we can not get similar equations from the formula (|3j). 

Theorem 2. Vn, k,l,teZ 

Ifn + k + l + t = 0, then the triangles (t) and (n + k + l + t) from the equation 
(0) are congruent. 

Proof. Since n + k + I + t = 0, so (n + k + l + t) = (t). This completes the 
proof. □ 

Corollary 2. Vn, k, I <E Z 

lfn + k + l = 0, then the equation (n + k + I + 0) = (0) is a translation of 
the point (0) in another point. 

Theorem 3. If n ^ n' V k / k' V / ^ /' , 

£/ien (n + A; + / + £) 7^ ((n' + k! + V + t)) in the geometric sense. 
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Proof. The proof follows from the geometric construction of the operation 
0. □ 

The set N 2 can be extended to the set 

Q 2 = {±(q) = ±(q 2 A 2 + qA 1 ); q E Q} C P 2 (Q), 

where Q is a set of rational numbers and P 2 (Q) is the ring with the same 
operations as in the ring P 2 (Z). Of course, the operation (j7j) is also true in 
the set Q 2 in arithmetic and geometric sense. 



3 Dissection of triangles into triangles 

We will use the set N 2 to write solution of the following problem. It is known 
[U,[2] that a square can be dissected into at least 21 squares of different sides. 
It is also known [3]- [5] that a triangle can be dissected into at least 15 similar 
triangles of different sides. At the same, it is considered that the triangles, 
one of which is a mirror image of the other are different. On (Fig. |2TI) we 
have one of two possible optimum dissection of the triangle. 
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■(11) 



(19) 



(20) 



(11) 



-9) 



(8) 



(-7) 



(12) 



Fig. 21. 



This dissection can be written by using 7 times the equation (JZJ). 



(39) = (19 + 12 + 20 - 12) 

= (19 + 12 + - 12) + (0 + 12 + 20 - 12) + (19 + + 20 - 12) 
-(19 + + - 12) - (0 + 12 + - 12) - (0 + + 20 - 12) 
+ (0 + + 0-12) 



(19) + (20) + (27) - (ft -<fl +(-12), 



(11) 
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where 



(27) = (11 + 16 + 11 - 11) = (16!) + (11) + (16 2 ) - (5^ + (-11), (12) 



where 



(16!) = (7 + 7 + 9 - 7) = (\ + (9i) + (9 2 ) - (2^ + (-7), (13) 



where 



(9 2 ) = (2 + 7 + 2 - 2) = (7i) + (2^ 4 + (7 2 ) - (^ + (-2), (14) 



where 



(7 2 ) = (5 + 5 + 2 - 5) = (9^ + (2x> + <2ty - (-% + (-5), (15) 



where 



where 



(16 2 ) = (8 + 8 + 8 - 8) = (8i) + (8 2 ) + (8^ + (-8), (16) 



( 8l ) = (3 + 5 + 3 - 3) = (5\J 3 + (5 2 ) + (3) - (2^ + (-3^. (17) 

It should be noted that the triangles in order to be reduced have to be of 
different signs and lie one on the other. We can see the equations (fTTT) - ffTTj) 
on Fig. 
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Fig. 22. 



The equations (JTTll- lfPTj) are not the only way to write this dissection of 
the triangle. The equations ( IT8l) - (l24l) and (Fig. 1231) gives another way to 
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write. 



(39) = (19 + 19 + 20-19) 

= (19 + 19 + - 19) + (0 + 19 + 20 - 19) + (19 + + 20 - 19) 
-(19 + + - 19) - (0 + 19 + - 19) - (0 + + 20 - 19) 
+ (0 + + 0-19) 

= (l 9l ) + (20 1 ) + (2o\) 6 -(^ i + (-19), (18) 



where 



(_1 9 ) = (_i2 _ 7 - 7 + 7) = (12x> + (-7) + (12 2 ) - (\ + (7), (19) 



where 



(-12!) = (-5 - 7 - 5 + 5) = (-7ty + (-7 2 ) + (-3^ - (-2^ + (5), (20) 
where 

(_7 2 ) = (_ 5 _ 2 - 2 + 2) = (-5i> + (-2) + (-5 2 ) - (\ + (2), (21) 
where 

(_ 5l ) = ( _ 3 _ 2 - 3 + 3) = (-2\> 3 + (-2 2 ) + (\ - (\ + (3), (22) 
where 

(-2 2 ) = (-11 + 9 - 11 + 11) = (9 : ) + (9 2 ) + (-11) - (2(^ 6 + (11), (23) 
where 

(9 2 ) = (8 + 1 + 8 - 8) = (l\> 5 + (\ + (8) - (\ + (-8), (24) 
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(39) = (19 + 19 + 20 - 19) 



(19) 



-19) 



-(-5) 



-12) 



-12) 



(7) 



19) = (-12 -7-7 + 7) 



(-12) = (-5-7-5 + 5) 



(1) 



(20) 



(-5) 



<5) 



;-7) 



(-7) 



(-5) = (-3 -2-3 + 3) 



(-2) = (-11 + 9-11 + 11) 




(-11) 



(11) 



Fig. 23. 
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